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ABSTRACT

In this article, the �nite element (FE) method has been used to assess the
coupled static behavior of hygro-thermo-magneto-electroelastic (HTMEE)
beam. In�uence of externally applied hygrothermal loads on the direct
(displacements, electric and magnetic potentials) and derived quantities
(stresses, electric displacement and magnetic �ux densities) of HTMEE beam
have been studied in detail. The principle of total potential energy and
the coupled constitutive equations of HTMEE material are used for the FE
formulation. A generalized condensation technique is adopted to solve the
global FE equations of motion. Numerical examples are discussed to examine
the e�ect of hygrothermal loads and distinct e�ect of moisture concentration
on the behavior of the beam. Particular emphasis has been placed to
analyze the in�uence of temperature andmoisture dependent elastic sti�ness
coe�cients associatedwith empirical constants. Considering the independent
e�ect of temperature and moisture on the coupled static responses, the
most signi�cant combination of the empirical constants corresponding to
temperature dependency and moisture dependency are explored. Extensive
computational examples are considered to examine the signi�cant e�ect of
boundary conditions, temperature gradient, moisture concentration gradient
and empirical constants on the static behavior of HTMEE beam. It is observed
that the static behavior of HTMEE beam is signi�cantly in�uenced by the
hygrothermal loads and empirical constants. The results presented in this
article would serve as a benchmark results in design and analysis of HTMEE
structures for sensors and actuators applications.
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Introduction

In recent years, noticeable e�orts are being made to achieve the possible advantages of the various
coupled behavior of piezoelectric, piezomagnetic, and magneto-electroelastic (MEE) materials. Among
them, analysis of MEE structures is recognized as an intensive and revolutionary research �eld. This
material exhibits coupling between elastic, magnetic and electric �eld which is not noticed in the
monolithic material. This unique, multifunctional ability and potential property ofMEEmaterials make
it convenient to adopt in smart structural applications such as sensors, actuators, energy harvesters,
aeronautics, micro-electromechanical systems, smart structural engineering etc. During the operation,
MEE structures are o�en exposed to diverse conditions of temperature and humidity. As a result
the MEE materials become more sensitive and exhibit additional thermoelectric and thermomagnetic
coupling which is termed as a pyroelectric and pyromagnetic e�ect, respectively. These coupling e�ects
diminish the performance of MEE structures. Hence, the analysis of MEE structures under these harsh
environments is an area of concern.
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The coupling among the elastic, electric, magnetic, thermal and hygroscopic �elds in�uence the
sensing and actuation properties of smart materials [1, 2]. Considerable research work has been
devoted on evaluating the structural behavior of piezoelectric smart structures under hygrothermal
condition [3–7]. Kerur and Ghosh [8] considered the hygro-thermo-electroelastic coupled problem
and developed an �nite element (FE) formulation to assess the geometrically nonlinear bending
behavior of smart structures. Using the variational principles, Altay and Dokmeci [9] analyzed
the fundamental equations of piezoelectric, thermopiezoelectric and hygro-thermopiezoelectric
materials.

By virtue of increased demand of the smart materials, the analysis of intelligent structures made
of MEE materials have been a great interest. The various computational techniques such as analytical
method, exact solution method, state vector approach etc., have been developed to evaluate the free
vibration characteristics [10–14], static behavior [15–19] and buckling behavior [20, 21] of MEE
structures. Nonlinear vibration control of MEE plates and shells using active constrained layer damping
treatment has been studied by Kattimani and Ray [22, 23] by considering the di�erent stacking
sequence and boundary conditions. They extended their analysis to the functionally graded MEE plates
also [24].

The behavior of MEE structures exposed to thermal loading is a prominent issue and a remark-
able attention is being paid in the recent years. Sunar [25] demonstrated the coupled behavior of
a thermopiezomagnetic continuum using a FE formulation. Ootao and Tanigawa [26] developed an
exact solution for the transient behavior of multilayered magneto-electro-thermoelastic (METE) strip
subjected to nonuniform and unsteady heating. They also studied the e�ect of di�erent forms of
thermal loading. Kumaravel et al. [27, 28] evaluated the e�ect of thermal loads, stacking sequence and
boundary conditions on the static behavior of MEE beam. They extended their evaluation to predict the
buckling behavior of layered and multiphase MEE beams under thermal environment. Further, in the
presence of thermal environment,MEEmaterials exhibit an additional coupling between thermoelectric
and thermomagnetic �elds. This leads to the development of pyroloads which signi�cantly a�ects
the behavior of MEE structures. The in�uence of pyroelectric and pyromagnetic coupling on the
direct and derived quantities of MEE structures (beams, plates, and shells) has been investigated by
Kondaiah et al. [29, 30]. Vinyas and Kattimani [31–33] proposed an FE formulation to analyze the
e�ect of di�erent thermal loads on the static behavior of stepped functionally graded (SFG) and
multiphase MEE plates and beams. They extended the FE study for hygrothermal analysis of MEE
plates [34]. In addition, Vinyas and Kattimani [35] presented a fully coupled FE formulation to
assess the static behavior of SFG-METE plates under various forms of loading. More recently, they
evaluated the e�ect of di�erent particle arrangement ofMEE composites on the static response ofMETE
plates [36].

Themultiphysics response ofMEE structures under the in�uence of humidity and temperature loads
has been investigated by a limited number of researchers. In an e�ort to analyze the coupled HTMEE
response, the �rst attempt was made by Akbarzadeh and Chen [37]. They considered the temperature
andmoisture dependent material properties and computed the in�uence of hygrothermal loads onMEE
behavior of rotating cylinders. They also proposed an analytical solution to estimate the hygrothermal
stresses developed in one-dimensional FG piezoelectric media [38]. Akbarzadeh and Pasini [39] derived
closed-form solutions to examine the e�ect of hygrothermal loading on the steady state responses of
FG in�nitely long cylinders and thin circular disks. Saadatfar and Khafri [40] evaluated the coupled
hygro-thermo-magneto-electroelastic (HTMEE) response of FG-MEE hollow sphere resting on elastic
foundation.

The comprehensive literature review reveals that an inadequate research has been reported on
HTMEE response of MEE structures. To the best of authors’ knowledge, the FE study dealing with the
static analysis of HTMEE beams subjected to hygrothermal loading are not found in open literature.
Hence, the present article makes the �rst attempt to develop an FE formulation to evaluate the coupled
multiphysics response of HTMEE beams. In addition, the in�uences of the temperature and moisture
dependent elastic coe�cients are studied through the empirical constants.
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Basic formulation of the problem

Problem description

Figure 1 depicts the schematic representation of an adaptive wood HTMEE beam composed of barium
titanate (BaTiO3) and cobalt ferric oxide (CoFe2O4). The length a, width w, and thickness h, are
considered along the x, y, and z-axes of the coordinate system, respectively, as shown in Figure 1. It
is assumed that the HTMEE beam is exposed to a hygrothermal environment which corresponds to a
temperature rise of1T and humidity concentration variation of1m.

Constitutive equations

The linear coupled constitutive equations of an HTMEE material can be written as follows:

{σ } = [C]{ε} − [e]{E} − [q]{H}−[C] ({α}1T − {ξ}1m) (1)

{D} = [e]T{ε} + [η]{E} + [m]{H} + {p}1T+{χ}1m (2)

{B} = [q]T{ε} + [m]{E} + [µ]{H} + {τ }1T+{υ}1m (3)

in which, the term [C] {α}1T is the thermal stress developed due to temperature gradient 1T,

[C] {ξ}1m corresponds to the hygroscopic stresses generated as a result of moisture concentration
gradient1m; [C], [e], [q], {α} and {ξ} are the elastic coe�cient matrix, piezoelectric coe�cient matrix,
magnetostrictive coe�cient matrix, thermal expansion coe�cient vector, and moisture expansion
coe�cient vector, respectively; [η], [m], {p}, {τ }, [µ], {χ}, and {υ} represent the dielectric constant
matrix, electromagnetic coe�cient matrix, pyroelectric coe�cient vector, pyromagnetic coe�cient
vector, magnetic permeability constant matrix, hygroelectric coe�cient vector, and hygromagnetic
coe�cient vector, respectively; {σ }, {D}, and {B} indicate the stress tensor, electric displacement vector
and the magnetic �ux vector, respectively; {ε}, {E}, {H} are the linear strain tensor, electric �eld vector,
magnetic �eld vector, respectively.

Finite element formulation

AFEmodel of theHTMEEbeam is developed using an eight noded 3D isoparametric brick element. The
entire beam structure is discretized into 10 elements. Five degrees of freedomare considered at each node
of the element which corresponds to three translational displacement �elds, one electric potential �eld
(φ) and one magnetic potential (ψ) �eld. The generalized translational displacement vector associated
with the ith (i = 1, 2, 3, . . . , 8) node of the element can be expressed as

{dti} = [UxUvUw]
T (4)

Figure 1. Schematic representation of HTMEE beam. Note: HTMEE, hygro-thermo-magneto-electroelastic.
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The generalized displacement vector {dt}, electric potential vector {φ}, andmagnetic potential vector
{ψ} can be represented with regard to the nodal displacement vector

{

det
}

, the nodal electric potential
vector {φe}, and the nodal magnetic potential vector {ψe}, respectively, as follows:

{dt} = [Nt]
{

det
}

, {φ}=
[

Nφ
] {

φe
}

, {ψ} =
[

Nψ
] {

ψe
}

(5)

The nodal displacement vector
{

det
}

, nodal electric potential vector {φe}, and the nodal magnetic
potential vector {ψe} appearing in Eq. (5) may be expressed as follows:

{

det
}

=
[

{dt1}
T {dt2}

T . . . {dt8}
T
]T

,
{

φe
}

= [φ1 φ2 . . . φ8]
T , {ψe} = [ψ1 ψ2 . . . ψ8]

T (6)

The various shape function matrices
(

[Nt] ,
[

Nφ
]

, and
[

Nψ
])

appearing in Eq. (5) are described as

[Nt] = [Nt1Nt2 . . .Nt8] , Nti= NiIt ,
[

Nφ
]

=
[

Nψ
]

= [N1N2 . . .N8] (7)

where Ni is the natural coordinate shape function associated with the ith node of the element; It is the
identity matrix. The shape functions for the eight noded isoparametric brick element in the natural co-
ordinate (ξ , η, ζ ) are given by

Ni (ξ , η, ζ ) =
1

8
(1 + ξξi) (1 + ηηi) (1 + ζ ζi) ; i = 1, 2, 3, . . . , 8 (8)

The relation between the electric intensity (E) and electric potential (φ); magnetic intensity (H); and
magnetic potential (ψ) can be established using Maxwell’s equations as follows:

Ex = −
∂φ

∂x
; Ey = −

∂φ

∂y
; Ez = −

∂φ

∂z
(9)

Hx = −
∂ψ

∂x
; Hy = −

∂ψ

∂y
; Hz = −

∂ψ

∂z
(10)

With the aid of the derivative of shape functionmatrices [Bt],
[

Bφ
]

, and
[

Bψ
]

and the nodal elemental
vectors

{

det
}

, {φe}, and {ψe}, the derived �eld vectors such as strain vector {ε}, electric intensity {E}, and
magnetic intensity vector {H} of the HTMEE beam can be written as follows:

{ε} = [Bt]
{

det
}

; {E} =
[

Bφ
] {

φe
}

, {H} =
[

Bψ
] {

ψe
}

(11)

The shape function derivative matrices appearing in Eq. (11) can be written as

[Bt] = [Bt1Bt2. . .Bt8] ,
[

Bψ
]

=
[

Bψ1Bψ2. . .Bψ8
]

,
[

Bφ
]

=
[

Bφ1Bφ2. . .Bφ8
]

(12)

in which, the submatrices, [Bti],
[

Bψ i
]

, and
[

Bφi
]

are given by

[Bti] =

















































∂Ni

∂x
0 0

0
∂Ni

∂y
0

0 0
∂Ni

∂z

0
∂Ni

∂z

∂Ni

∂y

∂Ni

∂z
0

∂Ni

∂x

∂Ni

∂y

∂Ni

∂x
0

















































,
[

Bψ i
]

=



















−
∂Ni

∂x

−
∂Ni

∂y

−
∂Ni

∂z



















,
[

Bφi
]

=



















−
∂Ni

∂x

−
∂Ni

∂y

−
∂Ni

∂z



















(13)

where i = 1, 2, 3, . . . , 8 represents the node number.
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Finite element equations ofmotion

The principle of total potential energy along with the constitutive equations of HTMEE material are
utilized to derive the governing equations of motion. Further, the total potential energy is minimized as
follows [34]:

Tp =
1

2

[∫

�

δ {ε}T {σ } d�−

∫

�

δ {E}T {D} d�−

∫

�

δ {H}T {B} d�

]

−

∫

A
δ {dt}

T
{

f
}

dA−

∫

A
δ {φ}QφdA−

∫

A
δ {ψ}QψdA = 0 (14)

where
{

f
}

is the traction force vector acting over an area A. The entire volume of the domain is
represented by �. The surface electric charge density and surface magnetic charge density are denoted
by Qφ and Qψ , respectively.

Substituting Eqs. (1)–(3) into Eq. (14), we get,

Tp =
1

2

∫

�

δ {ε}T [C] {ε} d�−
1

2

∫

�

δ {ε}T [e] {E} d�−
1

2

∫

�

δ {ε}T
[

q
]

{H} d�

−
1

2

∫

�

δ {ε}T [C] {α}1Td�−
1

2

∫

�

δ {ε}T [C] {ξ}1md�−
1

2

∫

�

δ {E}T [e]T {ε} d�

−
1

2

∫

�

δ {E}T [η]T {E} d�−
1

2

∫

�

δ {E}T [m]T {H} d�−
1

2

∫

�

δ {E}T
{

p
}

1Td�

−
1

2

∫

�

δ {E}T {χ}1md�−
1

2

∫

�

δ {H}T
[

q
]T

{ε} d�−
1

2

∫

�

δ {H}T [m] {E} d�

−
1

2

∫

�

δ {H}T [µ] {H} d�−
1

2

∫

�

δ {H}T {τ }1Td�−
1

2

∫

�

δ {H}T {υ}1md�

−

∫

A
δ {dt}

T
{

f
}

dA −

∫

A
δ {φ}QφdA −

∫

A
δ{ψ}QψdA = 0 (15)

Meanwhile, Eqs. (5), (7), (8), and (11) are substituted in Eq. (15) to obtain

Tp =
1

2

∫

�

δ
{

det
}T

[Bt]
T [C] [Bt]

{

det
}

d�−
1

2

∫

�

δ
{

det
}T

[Bt]
T [e]

[

Bφ
] {

φe
}

d�

−
1

2

∫

�

δ
{

det
}T

[Bt]
T

[

q
] [

Bψ
] {

ψe
}

d�−
1

2

∫

�

δ
{

det
}T

[Bt]
T [C] {α}1Td�

−
1

2

∫

�

δ
{

det
}T

[Bt]
T [C] {ξ}1m d�e −

1

2

∫

�

δ
{

φe
}T [

Bφ
]T

[e]T [Bt]
{

det
}

d�e

−
1

2

∫

�

δ
{

φe
}T [

Bφ
]T

[η]
[

Bφ
] {

φe
}

d�e −
1

2

∫

�

δ
{

φe
}T [

Bφ
]T

[m]
[

Bψ
] {

ψe
}

d�e

−
1

2

∫

�

δ
{

φe
}T [

Bφ
]T {

p
}

1Td�e −
1

2

∫

�

δ
{

φe
}T [

Bφ
]T

{χ}1m d�e

−
1

2

∫

�

δ
{

ψe
}T [

Bψ
]T [

q
]T

[Bt]
{

dte
}

d�e −
1

2

∫

�

δ
{

ψe
}T [

Bψ
]T

[m]
[

Bφ
] {

φe
}

d�e

−
1

2

∫

�

δ
{

ψe
}T [

Bψ
]T

[µ]
[

Bψ
] {

ψe
}

d�e −
1

2

∫

�

δ
{

ψe
}T [

Bψ
]T

{τ }1Td�e
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−
1

2

∫

�

δ
{

ψe
}T [

Bψ
]T

{υ}1m d�e −

∫

A
δ
{

det
}T

[Nt]
T

{

f e
}

dA

−

∫

A
δ
{

φe
} [

Nφ
]

QφdA−

∫

A
δ
{

ψe
} [

Nψ
]

QψdA = 0 (16)

Assigning sti�ness matrices to various terms, Eq. (16) can be rewritten as

Te
p =

∫

�

δ
{

det
}T [

Ke
tt

] {

det
}

d�e −

∫

�

δ
{

det
}T

[

Ke
tφ

]

{

φe
}

d�e −

∫

�

δ
{

det
}T

[

Ke
tψ

]

{

ψe
}

d�e

−

∫

�

δ
{

det
}T {

Feth
}

d�e −

∫

�

δ
{

det
}T

{

Fehy

}

d�e −

∫

�

δ
{

φe
}T

[

Ke
tφ

]T
{

det
}

d�e

−

∫

�

δ
{

φe
}T

[

Ke
φφ

]

{

φe
}

d�e −

∫

�

δ
{

φe
}T

[

Ke
φψ

]

{

ψe
}

d�e

−

∫

�

δ
{

φe
}T

{

Fep.e

}

d�e −

∫

�

δ
{

φe
}T {

Feh.e
}

d�e −

∫

�

δ
{

ψe
}T

[

Ke
tψ

]T
{

det
}

d�e

−

∫

�

δ
{

ψe
}T

[

Ke
φψ

]T
{

φe
}

d�e −

∫

�

δ
{

ψe
}T

[

Ke
ψψ

]

{

ψe
}

d�e

−

∫

�

δ
{

ψe
}T

{

Fep.m

}

d�e −

∫

�

δ
{

ψe
}T {

Feh.m
}

d�e −

∫

A
δ
{

det
}T

[Nt]
T

{

f e
}

dA

−

∫

A
δ
{

φe
}

{

Feφ

}

dA−

∫

A
δ
{

ψe
}

{

Feψ

}

dA = 0 (17)

in which,
[

Ke
tt

]

,
[

Ke
φφ

]

,
[

Ke
ψψ

]

,
[

Ke
tφ

]

,
[

Ke
tψ

]

, and
[

Ke
φψ

]

are the elemental coupled sti�ness matrices

corresponding to elastic, electric, magnetic, electroelastic, magnetoelastic, and electromagnetic �elds,

respectively. Similarly,
{

Fem
}

,
{

Feth
}

,
{

Fehy

}

,
{

Feh.e
}

,
{

Feh.m
}

,
{

Feφ

}

,
{

Feψ

}

,
{

Fep.e

}

, and
{

Fep.m

}

are the

elemental mechanical load vector, thermal load vector, hygroscopic load vector, hygroelectric load
vector, hygromagnetic load vector, electric charge load vector, magnetic current load vector, pyroelectric
load vector, and pyromagnetic load vector, respectively. The explicit forms of these matrices and load
vectors can be written as follows:

[

Ke
tt

]

=

∫

�

[Bt]
T [C] [Bt] d�

e,

[

Ke
tφ

]

=

∫

�

[Bt]
T [e]

[

Bφ
]

d�e
[

Ke
tψ

]

=

∫

�

[Bt]
T

[

q
] [

Bψ
]

d�e
[

Ke
φφ

]

=

∫

�

[

Bφ
]T

[η]
[

Bφ
]

d�e,

[

Ke
φψ

]

=

∫

�

[

Bφ
]T

[m]
[

Bψ
]

d�e,
[

Ke
ψψ

]

=

∫

�

[

Bψ
]T

[µ]
[

Bψ
]

d�e

{

Fem
}

=

∫

A
[Nt]

T fdA,
{

Feφ

}

=

∫

A

[

Nφ
]T

QφdA,
{

Feψ

}

=

∫

A

[

Nψ
]T

Q9dA,

{

Feth
}

=

∫

�

[Bt]
T [C] {α}1Td�e,

{

Fehy

}

=

∫

�

[Bt]
T [C] {ξ}1md�e
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{

Fep.e

}

=

∫

�

[

Bφ
]T

{p}1Td�e,
{

Fep.m

}

=

∫

�

[

Bψ
]T

{τ }1Td�e,

{

Feh.m
}

=

∫

�

[

Bψ
]T

{υ}1md�e,
{

Feh.e
}

=

∫

�

[

Bφ
]T

{χ}1md�e

(18)

To develop the equilibrium equations, the terms associated with the coe�cients of
{

det
}T

, {φe}T , and

{ψe}T are grouped together for the ease of simpli�cation. Further, neglecting the mechanical load
{

Fem
}

,

the elemental electric charge load
{

Feφ

}

and elemental magnetic current
{

Feψ

}

, the elemental equations

of motion are globalized in a straight forward manner to obtain the global equations of motion as
follows:

[

K
g
tt

]

{dt} +

[

K
g
tφ

]

{φ} +

[

K
g
tψ

]

{ψ} =

{

F
g
th

}

+

{

F
g
hy

}

(19)

[

K
g
tφ

]T
{dt} −

[

K
g
φφ

]

{φ} −

[

K
g
φψ

]

{ψ} =

{

F
g
p.e

}

+

{

F
g
h.e

}

(20)

[

K
g
tψ

]T
{dt} −

[

K
g
φψ

]T
{φ} −

[

K
g
ψψ

]

{ψ} =

{

F
g
p.m

}

+

{

F
g
h.m

}

(21)

where the superscript g represents the globalized value of the corresponding sti�ness matrices and
force vectors. Using condensation approach, Eqs. (19)–(21) are solved to compute the displacement
vector due to external hygrothermal loads. Therea�er, the obtained displacement vectors are used to
determine the electric potential vector and magnetic potential vector. From the constitutive equations,
the postcomputation procedure is performed to estimate the remaining �elds viz. {σ }, {D}, and {B}. The
detailed condensation technique used is described in Appendix A. Consequently the �nal equilibrium
equation can be expressed as

[

Keq

]

{dt} =
{

Feq
}

(22)

where
[

Keq

]

and
{

Feq
}

are the equivalent sti�ness matrix and force vector, respectively.

Results and discussion

This section addresses the credibility of the proposed FE formulation in predicting the static behavior of
HTMEEbeam subjected tomoisture and temperature loads.Numerical calculations are performedusing
the FE formulation derived in the earlier section. However, to the best of authors’ knowledge, no work
has been reported on static studies of MEE beams in hygrothermal environment. Hence, in the present
study, the FE formulation is validated neglecting the hygroscopic e�ect. The numerical study considered
by Kondaiah et al. [29] is solved using the present FE formulation. A comparative study is performed
to justify the correctness of the proposed FE model. The results depicted in Figure 2a, b reveal that
the present FE formulation closely agrees with Kondaiah et al. [29]. The independent e�ect of moisture
concentration gradient, temperature and moisture dependent material properties, empirical constants
and boundary conditions on the static behavior of HTMEE beam is demonstrated. The geometrical
dimensions of the HTMEE beam is assumed as follows: length (a) = 1m, width (w) = 0.1m, and
thickness (h) = 0.1m. In the present analysis, the material properties of adaptive wood made of
barium titanate (BaTiO3) and cobalt ferric oxide (CoFe2O4) tabulated in Table 1 are considered. The
mesh size of 10 × 10 × 12 elements shows better convergence. Hence the same is used in the present
analysis.
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Figure 2. Validation plots (a) x-direction displacement component, Ux (b) normal stress σx .

Table 1. Material properties of adaptive wood made of BaTiO3 and CoFe2O4 (Akbarzadeh and Chen [37]; Kondaiah et al. [29]; Vinyas
and Kattimani [31]).

Material property Material constants Adaptive wood

Elastic constants (GPa) C11 = C22 286
C12 173

C13 = C23 170.5
C33 269.5

C44 = C55 45.3
C66 56.5

Piezoelectric constants (C m−2) e31 −4.4
e33 18.6
e15 11.6

Dielectric constant (10−9 C2 Nm−2) ε11 = ε22 0.08
ε33 0.093

Magnetic permeability (10−4 Ns2 C−2) µ11 = µ22 −5.9
µ33 1.57

Piezomagnetic constants (N Am−1) q31 580
q33 700
q15 560

Magnetoelectric constant (10−12 Ns VC−1) m11 =m22 0
m33 3

Pyroelectric constant (10−5 C m−2 K−1) p2 −13

Pyromagnetic constant (10−3 C m−2 K−1) τ2 6

Thermal expansion coe�cient (10−6 K−1) α1 = α2 14.1
α3 7.2

Moisture expansion coe�cient (×10−4m3 kg−1) β1 0
β2 = β3 1.1

Density (kg m−3) ρ 5,300

E�ect of hygrothermal loads

The in�uence of uniform hygrothermal loads of di�erent magnitude on the direct (displacements,
electric potential, and magnetic potential) and derived quantities (stresses, electric displacements and
magnetic �ux densities) of clamped–clamped (C–C) HTMEE beam are evaluated. Figure 3a–e illustrate
the e�ect of hygrothermal loads on the static quantities of C–C HTMEE beam. The direct and derived
quantities increase with the increase in hygrothermal loads in accordance with Eq. (22). For the sake of
brevity, only prominent static parameters are illustrated. The undulating e�ect of φ andψ (Figure 3a, b)
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Figure3. E�ect of hygrothermal loads on (a) electric potentialφ, (b)magnetic potentialψ , (c) normal stressσx , (d) electric displacement
Dy , and (e) magnetic �ux density component By for C–C HTMEE beam. Note: HTMEE, hygro-thermo-magneto-electroelastic.

can be attributed to the varying degree of coupling along the beam length due to the in�uence of
pyroe�ects.Moreover, at the clamped end, the pyroe�ects displaymore prominent e�ect [29, 33]. Hence,
a sudden rise in the value of these parameters is witnessed at the clamped end. Figure 3c depicts the
variation trend of σx for C–C HTMEE beam subjected to a di�erent magnitude of hygrothermal loads.
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Further, from Figure 3d, e, it can be witnessed that Dy and By has almost smooth variation along the
beam length. It may be attributed to the fact that the pyro loads generated along the y-direction are
almost constant. This may be because of the fact that the pyroelectric and pyromagnetic coe�cients
exist along the y-direction alone. The numerical evaluation is extended to analyze the independent
e�ect of moisture concentration gradient 1m on the maximum values of the static parameters of
C–C HTMEE beam. To this end, temperature rise1T is kept constant (100K), while the humidity load
or moisture concentration change 1m is varied. The results encapsulated in Table 2 suggest that the
greater moisture concentration change (1m) results in greater values of the x-direction displacement
component Ux and y-direction displacement component Uv, whereas a marginal e�ect prevails on the
transverse displacement component Uw. This may be a result of negligible amount of hygroscopic load
{

Fhy
}

developed in z-direction in comparison with the thermal loads {Fth} for the considered 1T and
1m. From investigating the potentials of the system, it is witnessed that a mild in�uence of 1m exists
on the electric potential φ. This may be attributed to the fact that the hygroscopic load developed has
an insigni�cant in�uence on the electric potential of the system. In other words, the hygroscopic e�ect
is minimal in comparison with the pyroloads generated due to the thermal e�ect. Analogously, due to
direct e�ect of the electric potential, a minimal in�uence of the moisture concentration gradient1m on
the electric displacement components Dx, Dy, and Dz is witnessed.

E�ect of empirical constants

The in�uence of temperature and moisture dependent elastic constants on the direct and derived
quantities of C–C HTMEE beam has also been studied by varying the empirical constants (α∗ and β∗)
using the relation described as follows [37]:

C = C0

(

1 + α∗1T + β∗1m
)

(23)

in which, C is the temperature and moisture dependent elastic sti�ness coe�cient. Likewise, C0

refers to the temperature and moisture independent elastic coe�cient; α∗ and β∗ are the empirical
constants related to temperature dependency and moisture dependency, respectively. The thermal load
and hygroscopic load corresponding to a uniform temperature rise of 100K and 2% moisture rise,
respectively, is considered for the analysis. Since the e�ect of the temperature on the multiphysical

Table 2. Independent e�ect of moisture concentration gradient.

Moisture concentration rise

Static parameter (max. values) 1m = 0 1m = 1 1m = 5 1m = 10

Ux (×10−3 m) −3.63 −3.65 −3.85 −4.04

Uv (×10−3 m) 0.393 0.401 0.436 0.479

Uw (×10−3 m) 0.41 0.415 0.42 0.43

φ (×107 V) 1.6503 1.6633 1.6753 1.6803
ψ (A) −5.0663 −5.2629 −6.0496 −7.03
σx (GPa) 3.4577 3.5029 3.6836 3.9096
σy (GPa) 1.769 1.828 2.060 2.351
σz (GPa) 1.853 1.885 2.011 2.169
τxz (GPa) 5.726 5.726 5.730 5.734
τxy (GPa) −4.758 −4.370 −2.817 −0.876
τyz (GPa) 1.243 1.239 1.224 1.205

Dx (C m
−2) −5.61 −5.62 −5.64 −5.67

Dy (C m
−2) 0.6938 0.6938 0.6937 0.6937

Dz (C m
−2) −3.9 −3.91 −3.95 −4.01

Bx (N Am−1) 9.403 10.251 13.640 17.875

By (N Am−1) 62.5323 62.5315 62.528 62.5237

Bz (N Am−1) 13.59 14.27 17.02 20.46
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response is similar to that of the moisture concentration, the same values are taken for the empirical
constants of temperature and moisture dependence [37]. The investigation concerning with the e�ect
of empirical constants α∗and β∗ on the direct quantities such as Uw, φ and ψ of C–C HTMEE beam
is presented in Figure 4a–c, respectively. From these �gures, it may be witnessed that the empirical
constants α∗ = β∗ = −0.5 exhibit a substantial e�ect on the direct quantities. This may be because
of the empirical constants ranging from −0.5 ≤ α =≤ 0, the elastic sti�ness coe�cients drastically
changes which leads to the reduction in the sti�ness

[

Keq

]

making the HTMEE beam more �exible. As

a result, the overall
(

[

Keq

]−1 {

Feq
}

)

ratio remarkably increases. Further increase in absolute value of

negative empirical constants (α∗, β∗ = −0.5), the elastic sti�ness matrix [Keq] increases in such a way

that the value
(

[

Keq

]−1 {

Feq
}

)

gradually reduces. Also, the predominant e�ect of negative empirical

constants over positive empirical constants is noticed on the electric potential φ and magnetic potential
ψ . However, from Figure 5a, it may be observed that with the increase in empirical constants, the normal
stresses show an increasing trend, whereas shear stresses (τxz, τxy, and τyz) variation is signi�cantly
a�ected by α∗ = β∗ = −0.5, as depicted in Figure 5b–d. On account of direct e�ects, the electric
displacements andmagnetic �ux densities varies in a manner similar to that of the electric potential and
magnetic potential, respectively. Therefore they are not illustrated here for the sake of brevity.

Figure 4. E�ect of empirical constants on (a) z-direction displacement component Uw , (b) electric potential φ, and (c) magnetic
potentialψ for C–C HTMEE beam. Note: HTMEE, hygro-thermo-magneto-electroelastic.



1074 M. VINYAS ET AL.

Figure 5. E�ect of empirical constants on (a) normal stress σx , (b) shear stress τxz , (c) shear stress τxy , and (d) shear stress τyz for C–C
HTMEE beam. Note: HTMEE, hygro-thermo-magneto-electroelastic.

Signi�cant combination of empirical constant

The temperature and moisture �elds behave di�erently for the varying temperature and moisture
pro�les, in contrast to uniform hygrothermal loads. Hence, evaluating the signi�cant combination
of empirical constants gains importance. The results presented in the previous section suggests that
the empirical constants α∗ = β∗ = −0.5 have a predominant in�uence on the static parameters.
Therefore, the analysis is extended to investigate the e�ect of the di�erent combination of β∗ and α∗

associated with constant values of α∗ = −0.5 and β∗ = −0.5, respectively. In this regard, the most
signi�cant value of β∗ in combination with α∗ is evaluated through numerical analysis by keeping
α∗ = −0.5 constant. Analogously, to predict the e�ect of α∗, and to determine the predominant value
of α∗, the numerical calculations are performed by keeping β∗ = −0.5 constant and varying α∗. From
Table 3, it may be noticed that for the constant value of temperature dependency empirical constant
α∗ = −0.5, a substantial e�ect of moisture dependency empirical constant β∗ = 2.0 is observed on the
direct quantities and derived quantities. Moreover, it is deduced that among the di�erent values of α∗

considered for the study, α∗ = −0.5 exhibits a signi�cant in�uence on the static parameters when the
moisture dependency empirical constantβ∗ is set to−0.5.Meanwhile, for both the cases (α∗ = −0.5 and
β∗ = −0.5), the normal stress σx displays a maximum value for β∗ = 2.0 and α∗ = 2.0 as demonstrated
in Table 3.
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Conclusion

This article makes the �rst attempt to explore the static behavior of HTMEE beams using the FE
approach. The equilibrium equations of motion are derived using the minimum total potential energy
principle and the coupled constitutive equations of HTMEE material accounting the linear coupling
among the elastic, electric, hygroscopic, thermal, and magnetic �elds. The condensation technique is
exploited to solve the global FE equilibrium equations. Several numerical examples are considered to
evaluate the e�ect of hygrothermal loads, moisture concentration gradient and boundary conditions
on the direct quantities and derived quantities of HTMEE beams. It is observed that the greater
magnitude of hygrothermal loads yield increased value of the static parameters. In addition, using the
empirical constants, the e�ects of temperature and moisture dependent elastic sti�ness coe�cients are
also examined. It is noticed that the empirical constants α∗ = β∗ = −0.5 exhibit a signi�cant in�uence
on the static parameters except normal stresses, for which α∗ = β∗ = 2.0 has a pronounced e�ect.
Consequently, the present numerical examination reveals that a remarkable impact of hygrothermal
loads, empirical constants and boundary conditions exists on the static performance of HTMEE beams.
These results can set a benchmark for future analysis of HTMEE structures used in sensors, transducers,
and micro-electromechanical systems.

Appendix A

The condensationmethod incorporated in computing the nodal displacement vectors is given as follows:
Considering Eq. (21) and solving for {ψ},

{

ψe
}

=

[

Ke
ψψ

]−1 [

Ke
tψ

]T
{

det
}

−

[

Ke
ψψ

]−1 [

Ke
φψ

]T
{

φe
}

−

[

Ke
ψψ

]−1 [{

Fep.m

}

+
{

Feh.m
}

]

(A.1)

Substituting Eq. (A.1) in Eq. (20), {φ} can be calculated as follows:

[

Ktφ

]T
_

{

det
}

−
[

Kφφ
]

{φ} −
[

Kφψ
]





[

Kψψ
]−1 [

Ktψ

]T
{dt} −

[

Kψψ
]−1 [

Kφψ
]T

{φ} −

[

Kψψ
]−1 ({

Fp.m
}

+ {Fh.m}
)





=
({

Fp.e
}

+ {Fh.e}
)

{dt} _
[

[

Ktφ

]T
−

[

Ke
φψ

]

[

Kψψ
]−1 [

Ktψ

]T
]

− {φ}

[

[

Kφφ
]

−
[

Kφψ
] [

Kψψ
]−1 [

Kφψ
]T

]

+
[

Kφψ
] [

Kψψ
]−1 ({

Fp.m
}

+ {Fh.m}
)

=
{

Fp.e
}

+ {Fh.e}

[K1] {dt} − [K2] {φ} =
({

Fp.e
}

+ {Fh.e}
)

−
[

Kφψ
] [

Kψψ
]−1 ({

Fp.m
}

+ {Fh.m}
)

[K1] {dt} − [K2] {φ} =
{

Fφ_sol
}

{φ} = [K2]
−1 [K1] {dt} − [K2]

−1
{

Fφ_sol
}

(A.2)

Meanwhile, Eqs. (A.1) and (A.2) are back substituted in Eq. (19) to compute the nodal displacements.

[Ktt] _ {dt} +
[

Ktφ

]

{φ} +
[

Ktψ

]





[

Kψψ
]−1 [

Ktψ

]T
{dt} −

[

Kψψ
]−1 [

Kφψ
]T

{φ}

−
[

Kψψ
]−1 [{

Fp.m
}

+ {Fh.m}
]





=
[

{Fth} +
{

Fhy
}]

{dt} _
[

[Ktt] +
[

Ktψ

] [

Kψψ
]−1 [

Ktψ

]T
]

+ {φ}

[

[

Ktφ

]

−
[

Ktψ

] [

Kψψ
]−1 [

Kφψ
]T

]

−
[

Ktψ

] [

Kψψ
]−1 [{

Fp.m
}

+ {Fh.m}
]

=
[

{Fth} +
{

Fhy
}]
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[K5] {dt} + [K6] {φ} −
[

Ktψ

] [

Kψψ
]−1 [{

Fp.m
}

+ {Fh.m}
]

=
[

{Fth} +
{

Fhy
}]

[K5] _ {dt} + [K6]
[

[K3] {dt} − [K2]
−1

{

Fφ_sol
}]

−
[

Ktψ

] [

Kψψ
]−1 [{

Fp.m
}

+ {Fh.m}
]

=
[

{Fth} +
{

Fhy
}]

[[K5] + [K6] [K3]] {dt} − [K6] [K2]
−1

[{

Fp.e
}

+ {Fh.e}
]

+

[

[K6] [K4] −

[

[

Ktψ

] [

Kψψ
]−1

]]

[{

Fp.m
}

+ {Fh.m}
]

=
[

{Fth} +
{

Fhy
}]

[K7] _ {dt} = [K6] [K2]
−1

[{

Fp.e
}

+ {Fh.e}
]

+

[

[

Ktψ

] [

Kψψ
]−1

− [K6] [K4]
]

[{

Fp.m
}

+ {Fh.m}
]

+
[

{Fth} +
{

Fhy
}]

[K7] {dt} = [K8]
[{

Fp.e
}

+ {Fh.e}
]

+ [K9]
[{

Fp.m
}

+ {Fh.m}
]

+
[

{Fth} +
{

Fhy
}]

[

Keq

]

{dt} =
{

Feq
}

(A.3)

The various sti�ness and force vectors mentioned in Eqs. (A.1)–(A.3) can be explicitly represented
as follows:

[K1] =
[

Kφt
]

−
[

Kψφ
] [

Kψψ
]−1 [

Kψt
]

, [K2] =
[

Kφφ
]

−
[

Kψφ
] [

Kψψ
]−1 [

Kφψ
]

, [K3] = [K2]
−1 [K1]

[K4] = [K2]
−1

[

Kψφ
] [

Kψψ
]

, [K5] = [Ktt] +
[

Ktψ

] [

Kψψ
]−1 [

Kψt
]

[K6] =
[

Ktφ

]

−
[

Ktψ

] [

Kψψ
]−1 [

Kφψ
]

, [K7] = [K5] + [K6] [K3] , [K8] = [K6] [K2]
−1

[K9] =
[

Ktψ

] [

Kψψ
]−1

− [K6] [K4] ,
[

Keq

]

= [K7] ,
[

K1_ψ

]

=
[

Kψt
]

−
[

Kψφ
]

[K3]

[

K2_ψ

]

=
[

Kψψ
]−1 [

Kψφ
]

[K2]
−1 ,

[

K3_ψ

]

=
[

Kψψ
]−1 [

Kψφ
]

[K2]
−1

[

Kψφ
]T [

Kψψ
]−1

+
[

Kψψ
]−1

{

Feq
}

= [K9]
[{

Fp.m
}

+ {Fh.m}
]

+ [K8]
[{

Fp.e
}

+ {Fh.e}
]

+
[

{Fth} +
{

Fhy
}]

{

Fφ_sol
}

=
[{

Fp.e
}

+ {Fh.e}
]

−
[

Kψφ
]T [

Kψψ
]−1 [{

Fp.m
}

+ {Fh.m}
]

(A.4)
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