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ABSTRACT

In this paper inverse linear multistep methods for the numerical solution of second order differ-
ential equations are presented. Local accuracy and stability of the methods are defined and dis-
cussed. The methods are applicable to a class of special second order initial value problems, not
explicitly involving the first derivative. The methods are not convergent, but yield good numer-
ical results if applied to problems they are designed for. Numerical results are presented for both

the linear and nonlinear initial value problems.

1. INTRODUCTION

Second order differential equations arise in a wide
variety of important physical problems. Two special
cases of the second order initial value problem

F(t,y,y7)=0, y(tg)=vq, ¥ '(tg)=7q (1.1)
are
v =£ty), y(tg) =y ¥ (tn)=7Yp (1.2)
and
y=8ty"): v(tg)=Yp ¥ () =Y} (1.3)

Sometimes (1.2) can be transformed into (1.3). For
example in the case when

fit,y)=ny, 2 #0
the corresponding problem (1.3) is given by

gty )=mlE,y)

On the other hand, the simple integration problem
(1.2) defined by

f (t,y)=9(t)

cannot be transformed into (1.3).

To obtain the numerical solution of (1.2), we make
use of linear multistep methods given by

k
=h% ¥ B.f

j=0"1 m+] (1.4)

j:O aj yn +j
When conventional methods of the form (1.4), with

k > 2, are used to solve the initial value problem (1.2),
the time increment must be limited to a value propor-
tional to the reciprocal of the largest eigen value of
the Jacobian of (1.2). Any attempt to use a larger
increment results in the calculations becoming un-

stable and producing erroneous results, The Stérmer-
Cowell linear multistep methods of order greater than
two when used to solve (1.2) are found to be unstable
for large step sizes (see Stiefel and Bettis [4]).
Recently, Alfeld [1] has developed a class of linear
multistep methods known as inverse linear multistep
methods for solving a stiff system of first order differ-
ential equations. In this paper, to obtain the numer-
ical solution of (1.3), we consider linear multistep
methods of the form

w255t g 5 bs 1.5)
a. .= . . B
j=0 i Vn+j j=03 0+ (
where

B=1 and yn+j=g(tn+j’ fn+j)’

The methods (1.5) are referred to as inverse linear
multistep methods (ILMMs). They are explicit when
applied to initial value problems of the form (1.3).

2. LOCAL ACCURACY

With the ILMM (1.5), we associate the difference
operator

k A \
T[z(tn),h]=j§0[h'2 & 2ty 45) ~Biz" (b 4] (2:1)

with ak = 0, where z(t) is an arbitrarily often differen-

tiable test function. Proceeding similarly as for explicit
linear multistep methods (see Lambert [3]), we expand
T[z(t,), h], collect terms and obtain

T(z(t,).h]= h‘z[éo z(t,) + él hz(l)(tn)

+ G2 )+ L] (2.2)
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where

éo=&o+&1+..... +&k
él=&1+2&2+ e+ k&k
éq=ql-!—(&1+2q&2+ ....+kq&k)

. -2 5 25 ..
_(q_lz)! By +297 By + e+ KT RS

q=2,3,4,...
Definition 2.1
The ILMM (1.5) is said to be of order p ifin (2.2)
C0=C1=...=CP+2=0, CP+3¢0 (2.3)

A

Cp+3 is known as the error constant of (1.5). The

method (1.5) is consistent if it is of order p > 1.
A necessary condition for p > 1isk > 4.

3. STABILITY OF ILMMs

Applying the method (1.5) to the test equation

y” =A%, Y(tg) =Yg ¥ (tg)=7g (3.1)
we obtain
#(EH) =pE) +H 0 () (32)
ivhere k1 ;
O
s@=5 b8
j=0 1
A2-2212,

We refer to the polynomials p (§) and 6 (£) as the first
and the second characteristic polynomials and to
7 (¢, H) as the stability polynomial of (1.5).

Definition 3.1

The ILMM (1.5) is said to be absolutely stable for a
given Ale C, if for that ITIZ, all the roots £ of (3.2)
satisfy Igml <1 form=1,2,...,k. The set

R= {f-'l2 € C/absolutely stable for FIZ} is called the
region of absolute stability.

The Stérmer-Cowell linear multistep methods, when
applied to the test equation (3.1) possess absolute
stability intervals 0 < a2 < ﬁg. The values of ITI(Z)

fork =2, 3,4 and 5 are given in table 1.
In (3.2), the degree of p (¥) < k -1 < k whereas the

degree of & (£) is k. So one of the roots of 7 (£, H) = 0
tends to infinity as H tends to zero. This shows that
the ILMM (1.5) is always unstable for small values of
H. Hence the method (1.5) is non-convergent as H
tends to zero.

Since the zeros of the stability polynomial (3.2) tend
to those of  (£) as H tends to infinity, we are led to
seek ILMMs whose second characteristic polynomial
possesses only zeros of modulus less than unity i.e.,

it is a Schur polynomial.

Definition 3.2

The ILMM (1.5) is said to be infinite-stable if G () is
a Schur polynomial.

Definition 3.3

The ILMM (1.5) is said to be strongly infinite-stable
if 6 (¢) = £,

A strongly infinite-stable ILMM has the form

(3.3)

We note that the concept of infinite-stability is in a
way dual to the concept of zero-stability. Zero-stabil-
ity deals with the case that H tends to zero whereas
infinite -stability deals with the case when H tends to
infinity.

For a strongly infinite-stable ILMM we have k-par-
ameters G, Gy, ..., 4y _; at our disposal and can

thus expect to be able to attain an order k - 3. Also
we can expect a consistent strongly infinite -stable
ILMM to have a step number k > 4.

The following theorem gives the maximum attainable
order of infinite-stable or strongly infinite-stable
ILMMs.

Theorem 3.1
(a) Let G (£) be a polynomial of degree k (with ﬁk= 1).
Then there exists a unique polynomial of degree k -1,

such that the ILMM defined by p (£) and G (£) has
order at least k - 3.

(b) The maximum order of an infinite-stable ILMM is

k - 3. For each k > 4, there exists a strongly infinite-
stable ILMM of order k- 3.

We omit the proof of this theorem, as it follows closely
the lines of Henridi’s proof ([2], pp. 304-307) on the
maximum order of zero-stable linear multistep methods,
with necessary modifications being adopted as suggested
in [1] for ILMMs of first order system of differential
equations.

4. SPECIFICATION OF ILMMs

The following is a list of inverse linear k-step methods
of order k - 3 for k = 4, 5, 6 with free parameters that
give complete control over the coefficients and thus
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over the zeros of 6 (£). The error constants in terms
of the free parameters and the maximum value of

A2h2 = ﬁtznm are given for which the methods are
strongly infinite-stable.

k=4

fhea= 'é3fn+3‘62fn+2 'ﬁlfn+1 °3Ofn
+[(3+2B5+B,~By) vy 3+ (-8-5B5-2B, + B;
+4B0) Yppp+ (T+4B3+ By-281 -580) v, 1 -
+ (=23 + By +28g) y,1/h? (4.1)

Order of the method : 1

Er;or constant : C4 =11—2(- 35 - 1133+ B, +B, -1150)

AZ. =20

k=5

fnrs= '84fn+4'33fn+3'62fn+2'61 fas I'Bofn
+[(71+358,+ 1185 -8, -B1 +1180) v, 4
+ (-236-104f, - 2085+ 168, + 4B, -568,) v, , 3
+ (294 + 114, + 685 -308, + 68, + 1146) v, ., 5
+ (-164-56B,+ 4B+ 168, -208, -10480) y,, . 4

+ (354118, -5 -B,+ 118, + 358,) y,1/12 h?
4.2)

Order of the metho:1 : 2

Order of the method : 3

Error constant :

(-812-137f + 138, -285 - 28, +13B, -1378,)

C6=——6-
72, - 560
min 3

5. COMPARISON OF ELMMs AND ILMMs

Minimum step number of con- ELMM ILMM
sistent method : 2 2
Minimum step number of zero-
stable (infinite-stable) consistent

method: 2 4
Max. order of zero-stable (or infinite-
stable) k-step method : k k-3

6. IMPLEMENTATION OF THE ILMMs

The implementation of the ILMM:s (1.5) to IVPs of
the form (1.3) can be carried out as follows. Assume
Yo? Y1++++» Yk -1 are computed by some other method

and thus f_] = f(tj, yj)!j =0(1)k-1 are known. We
compute f, | from the ILMM (1.5) and theny,

n+k’ fn +k)

A class of problems to which the ILMMs (1.5) can
successfully be adopted is given by

_ 2" - o)l
)\2

is obtained fromy,, .| = g(t

y + 2(t) (6.1)

where A is large and z(t) is the exact solution.

If ¢ (t, y) in (6.1) is nonlinear, then having computed
fn+k (= l:l’+ k) by the ILMM (1.5), we adopt the

Error constant : Cg = __( ~540-1108,+ 12§ ;-128, +1208,,Picard iteration technique g“’e" by

g2, =200
H i 3

k=6

fn+6="§5 fn+5-ﬁ4fn+4'é3fn+3'ﬁ2fn+2'Blfn+1"éOfn
+[(116+45B + 108, -5+ B, -108) v, 5
+(-461-154B. 1584+ 168,-B, - 6B, + 6185) v, , 4
+ (74442148 -4B, - 308 5+ 166, + 148, -15680)y, , 3
+(-614-156B; +148, + 1685 -308,-4B, + 2148y)y.. ,
+(260+ 618568 4 -B ) 168, - 156, -15483) v, , 1 -

+ (-45-10Bg + B, -, +108, + 45B)y, /12 h
(4.3)

(i+1) _

frik =9 Cnyko yn+k) * 2ty
n+k ~

2
-\
to find y ). We take the initial approximation YSIO.Zk

(6.2)

+k)

sy, , k-1 Whichis the known calculated value at

the previous step point.

Remark

We note that the implicit linear multistep methods
are iterative in character when applied to nonlinear
IVPs. The iteration scheme (6.2) shows that the

-ILMMs (1.5) are not iterative in character.

7. NUMERICAL RESULTS

We solve the following linear and nonlinear IVPs by
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initial values y, y1, ¥, ¥ are taken from the exact
solution.

Example 1
Consider the linear problem (see [1])

_ly” (t) + cost]

y(t) = + cost (7.1)
Y

where A2 o 104 with the exact solution

y(t)=[y(0) -1] cos 100 t + y“(0) sin 100t + cos t
for tg=0. The absolute errors at t = 100 for the fol-
lowing initial conditions are tabulated in table 2.

i) y(0)=1, y'(0)=0
(i) y(0)=1+¢, y'(0)=0, €=0.001

(7.1a)
(7.1b)

We also observed that the method is unstable for

A2 = 100 and h = 0.1 since in this case A2p2= 1<ITI2 . .
min
Example 2
Consider the nonlinear problem
»_o2¥ 1
y= Y -° -log( +1) (7.2)
-2

with initial conditions y(0)= 0, y’(0) =-1. The exact
solution of (7.2) is y(t) = -log(1 1), We have tested

the method for A% = 100 with h = 0.5 and the absolute
errors at t = 20, 40, 60, 80 and 100 are tabulated in
table 3. We used the Picard iteration technique given

(i)

, £ _ezyn+k 1 )
r(11:13)__9_-1-_1:2__ _log | mtK (73
Y

+h o0 _
with 7 k= o4 k-1

The iteration is stopped when

(i+1)
Tn+k T
desired accuracy is obtained within only two itera-
tions,

y. @) < 1078, We observed that the
n+k

8. CONCLUSIONS

The ILMMs can be directly applied to problems of
the form (1.3). The methods are explicit when ap-
plied to problems of the form (1.3) and thus avoid
iteration techniques which are inherent in implicit
linear multistep methods. The methods are infinite-
stable which makes them computationally superior
to the classical Stérmer-Cowell methods, using large
step sizes.
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TABLE 1. Absolute stability intervals of Stérmer-
Cowell methods 0 < A2 < FI%

k 2 3 4 5
Explicit Stérmer 4 3 2 240
199
Implicit Cowell 6 6 ‘;’_‘12 g%

TABLE 2, Approximate solution and absolute errors

att= 100
. (7.1a) (7.1b)
Yn Fa-yE) | ¥p [y =¥ ()l

0.1} 8.623(-01)| 2.219(-06)
0.5( 8.623(-01) 1.245(-05)

8.614(-01) | 9.544(-04)
8.614(-01) | 9.646(-04)

TABLE 3. Approximate solution and absolute errors

for the nonlinear problem (7.2)
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t Yn | Yn ~ y (tn) I
20 _3.044 4507 (-05)
40 -3.714 1.189 (-05)
60 -4111 5.381 (~06)
80 -4.394 3.031 (~06)
100 -4.615 1.968 (-06)
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